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Abstract 
The presented paper is devoted to the search for mathematical basis for describing the 
aftershock evolution of strong earthquakes. We consider the experimental facts and heuristic arguments 
that allow to make a choice and to focus on the nonlinear diffusion equation as the master equation. 
Analysis of the master equation indicates that, apparently, the selected mathematical basis makes it 
possible to simulate two important properties of the aftershock evolution known from the experiment. 
We are talking about the Omori law and the slow propagation of aftershocks from the epicenter of the 
main shock. 
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1.  Introduction 
Quite recently, at the international conference “Problems of Geocosmos–2018” in St. 
Petersburg, a report [1] was made, which did not attract much attention of the conference participants. 
Meanwhile, the result of the experimental study presented in the report is interesting and moreover 
rather mysterious. The authors of [1] found that the epicenters of aftershocks spread from the epicenter 
of the main shock at a velocity of approximately several kilometers per hour. This velocity is in some 
sense an intermediate. Indeed, the propagation rate of aftershocks is several orders higher than the rate 
of slow deformation waves known in geotectonics, and several orders lower than the velocities of 
seismic waves. Thus, we are faced with the problem of interpretation of the phenomenon discovered in 
[1] (see details in [2]). 
The problem of physical understanding and mathematical description of aftershocks has a rich 
history (e.g., see [3, 4]). Even in the late 19th century Fusakichi Omori [5] proposed to describe the 
evolution of aftershocks phenomenologically using the formula 
 
k
n t
c t


.     (1) 
Here n  is the frequency of aftershocks in the epicentral zone of a strong earthquake, and t  is the time, 
0t  . The phenomenological parameters 0k   and 0c   are determined from seismic data. Formula 
(1) is known in the physics of earthquakes as the Omori law [3–6]. Hirano [7], Utsu and others [8] 
proposed to improve formula (1) by introducing one more (third) parameter into it. Another approach 
to the problem is to replace formula (1) with a differential equation, which contains only one 
phenomenological parameter: 
2 0
dn
dt
n  .     (2) 
Here   is the deactivation coefficient of the earthquake source which “cooling down” after the main 
shock [9].  
 It would seem that replacing (1) with (2) gives nothing new. Indeed, the general solution of 
equation (2) coincides with formula (1) up to notation. However, the methodological advantage of the 
evolution equation (2) in comparison with formula (1) becomes obvious as soon as we try to go beyond 
the framework of the model that was implicitly at the heart of formula (1). After all, formula (1) is 
valid under the mandatory condition const  . In other words, it was assumed that the state of the 
earthquake source characterized by the parameter   remains stationary during the evolution of 
aftershocks. Meanwhile, from heuristic considerations, it seems obvious that in reality the deactivation 
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coefficient can change over time, since after the formation of a main rupture, the geological 
environment relaxes to a new state of equilibrium. The rocks in the earthquake source are clearly in a 
non-equilibrium state after the main shock. Thus, a natural generalization of Omori's law (1) is the 
formula 
   
1
0 0
0
1
t
n t n n t dt

 
   
 
 .     (3) 
For const  , formula (3) coincides with the Omori formula (1), 1/k  , and 01/c n  . 
 We will consider other interesting generalizations of Eq. (2) in Section 2. In Section 3, we will 
find the conditions for the Omori law to apply. Section 4 is devoted to the propagation of aftershocks 
found in [1]. In Section 5, we will discuss the issues of a phenomenological description of aftershocks 
and touch upon the problem of describing foreshocks and main shock. In the final section 6, we will 
summarize some preliminary results. 
 
2.  Master equation  
We will try to derive, or rather guess, the differential equation the solutions of which, on the 
one hand, agree with the Omori law, and on the other hand, imitate the process of horizontal 
propagation of aftershocks found in [1]. 
As a first step, we will take into account the spatial heterogeneity of the distribution of 
aftershocks in the epicentral zone, i.e., replace  n t  with  ,n tx , where x  is a 2D radius vector that 
sets the position of a point on the earth's surface relative to the epicenter of the main shock. The next 
step is the most critical, since we need to choose the type of partial differential equation, presumably 
describing the space-time evolution of aftershocks. A careful analysis of the observational data led us 
to the idea that we, most likely, should be dealing not with a hyperbolic, but with a parabolic equation. 
Additional information contained in the equation of evolution of aftershocks (2), averaged over the 
epicentral zone, suggests that it is reasonable to choose as a sample the equation of nonlinear diffusion 
[10], known in the mathematical and natural science literature as the Kolmogorov-Petrovsky-Piskunov 
equation , or abbreviated KPP-equation: 
2/ ( )n t D n F n     .    (4) 
Here D  is the diffusion coefficient,   is the 2D Hamilton operator. The KPP-equation is widely used 
in biology and chemistry [11–14], in astrophysics [15], as well as in geotectonics for description of 
slow deformation waves in the lithosphere of the Earth (see [16] and the literature cited there). 
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We expand the function ( )F n  in a power series and restrict ourselves to the first two terms: 
2( )F n n n   . The first term describes in its simplest form the fact that after the main shock the 
earthquake source is not only a nonequilibrium, but also an unstable dynamical system. We have kept 
the second term, focusing on the Omori law in the form (2). The result is a master equation 
2/ ( )n t n n D n       ,     (5) 
presumably describing the process of propagation of aftershocks.  
 Further generalization consists in replacing the scalar D  with a 2D tensor  
0
ˆ
0
D
D
D


      (6) 
in order to take into account the anisotropy of the fault system in the epicentral zone. However, we will 
not dwell on this. 
 In conclusion of this section we recall the derivation of the KPP equation (see for example 
[13]). We restrict ourselves to the one-dimensional case and write down a rather general integro-
differential equation 
( ) ( ) ( , )
n
n K x y n y t dy
t



     
 
   (7) 
with a symmetric kernel ( ) ( )К x y К y x   . If 0K   for x y  , then expanding ( , )n x z t  
into a Taylor series in powers of x , we obtain 
     
2
2
( ) ...
n n
n n D
t x

 
   
 
 ,   (8) 
where 
( )K z dz


  , 
2(1/ 2) ( )D z K z dz


   ,   (9) 
and z x y  . Let us 2( )n n   , and confine the first two terms in the series. In this 
approximation we obtain equation (5) from which after phenomenological reduction follows the Omori 
law in the form (2). 
 
3.  Omori law 
Equation (5) contains three phenomenological parameters,  ,   and D . Let us assume that the 
parameter D  is so small that the diffusion term in the equation can be neglected: 
/ ( )dn dt n n   .    (10) 
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We got the logistic equation (Verhulst equation [17]). It can be used to evaluate the conditions of 
applicability of the Omori law (see below). One can also make further generalization by adding a 
random function simulating seismic noise to the right-hand side of (10). In this case, the dynamic 
equation (10) will become a stochastic equation. 
 A more rigorous approach consists in averaging (5) over the epicentral zone. We denote the 
averaging procedure by angle brackets:    ,n t n t x . There is a fairly wide class of functions for 
which  2 , 0n t  x . However, when studying a nonlinear diffusion process, the transition from (5) 
to (10) by averaging requires a more subtle analysis in view of the fact that in general 2 2n n   . 
 If the parameters   and   are positive constants, then equation (10) can be easily integrated. 
Let us introduce the notations /n    , and 
0
1
ln 1
n
t
n


 
  
 
,    (11) 
where  0 0n n . Then, for 0n   the solutions of the Verhulst equation will have the form shown in 
Figure 1. The monotonically increasing lower branch of the logistic function is often used in biology, 
but it is not suitable for describing the evolution of aftershocks for the obvious reason. So let's focus on 
the top branch. 
 
 
Fig. 1. Graphic representation of solutions of the Verhulst equation at 0n  . 
 
 Let us pose the Cauchy problem for the logistic equation. The selection of one or another 
branch is determined by the choice of the initial condition. We will set the initial condition 0n n  
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at 0t   and we will look for a solution at 0t  . It is easy to make sure that for 0n n  ( 0n n  ) the 
solution to the problem will be the red (green) branch in Figure 1. Thus, in the physics of aftershocks, 
when setting the Cauchy problem, one should set the initial conditions under the additional constraint 
0n n . Moreover, it is reasonable to use the strong inequality 
0 /n n    .    (12) 
Indeed, for t  , the frequency of aftershocks asymptotically approaches from above to the 
background (equilibrium) value n . Experience shows that as a rule 0n n  after a strong 
earthquake. 
 An analysis of equation (10) under the condition 0n n  indicates that at the first stages of 
evolution, the frequency of aftershocks decreases with time in accordance with the Omori formula (1). 
It is natural to call this stage of evolution “the Omori epoch”. It is easy to see that the duration of the 
Omori epoch is limited by the inequality 
      1/t n  .      (13) 
The Omori epoch, the existence of which is predicted by our theory, was actually observed in many 
cases experimentally [18, 19]. 
 
 
4.  Propagation of aftershocks 
We come to the most difficult part of our search. Our challenge is, to express the propagation 
rate of aftershocks through the parameters of the master equation. Recall that the propagation 
phenomenon was discovered in [1] experimentally by analyzing the ribbed structure of aftershocks in 
the -x t  plane (see also [2, 20]). 
The nonlinear diffusion equation is interesting in many ways, but one of its properties is 
extremely important in the context of our problem. This property was discovered in [10, 11] and 
consists in the fact that the equation has self-similar solutions in the form of a traveling wave 
   ,n x t n x Ut  .     (14) 
It is this circumstance that played a decisive role in our choice of the KPP equation as the master 
equation. The estimation of the wave propagation velocity can be done by analyzing the dimensions of 
the coefficients of the master equation: 
 
~U D .      (15) 
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 A set of particular solutions of the one-dimensional nonlinear diffusion equation in the form of 
a traveling wave is given in the book [21]. As an example, let us point out one of the particular 
solutions of this kind: 
      
2
, 1 exp
6
n x t n C x Ut
D



   
      
   
.   (16) 
Here C  is an arbitrary constant, 5 / 6U D . 
 So, we have outlined a promising direction for the theoretical study of the propagation of 
aftershocks, which was discovered earlier in the experiment. In this regard, it should be emphasized 
that the possibilities of analytical research are rather limited here. The most suitable are numerical 
methods for solving the nonlinear diffusion equation. In this case, known exact solutions of the type 
(16) can be effectively used to improve numerical schemes and to test the result of computational 
procedures. Numerical experiments will make it possible to study the propagation of aftershocks under 
various boundary and initial conditions and for various combinations of the problem parameters  ,  , 
and D . This will certainly improve our understanding of the evolution of aftershocks in time and 
space. 
 
5.  Discussion 
Valerio Faraoni [22] rewrote equation (2) in the following form: 
      
2
2 2n n
n

 
 
 

.     (17) 
This allowed him to see an interesting analogy between the evolution of aftershocks and the evolution 
of the Universe within the framework of the Friedman cosmological model. 
Еquation (3), rewritten as  
0
( ) ( )
t
t dt g t    ,    (18) 
can be used to formulate the inverse problem of an earthquake source. Here  
1
0 0( ) [ ( )] [ ( )]g t n n t n n t
   is a function known from the experiment. The essence of the inverse 
problem is to determine the deactivation coefficient ( )t  as a function of time for a given function 
( )g t . The solution of the inverse problem for several dozen events revealed the existence of Omori 
epochs, during which const   [18, 19]. 
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 After the end of the Omori epoch, the deactivation coefficient undergoes complex variations. 
Among the causes for the deviation from the Omori law, it is necessary to highlight the impact of 
endogenous and exogenous triggers on the earthquake source [23]. Formally, the effect of triggers can 
be taken into account in the framework of the relaxation theory of deactivation [6]. The deactivation 
equation has the form 
( )
( )
d t
t
dt
  



  ,    (19) 
which is similar to that used to describe the mean temperature of the Earth’s surface [24]. Here,   is 
the characteristic time takes to approach the quasi-equilibrium state ( )t . The function ( )t  simulates 
the triggers. This function can be impulsive (round-the-world seismic echo [23, 25. 26], solar flares 
[27, 28]), sinusoidal (free oscillations of the Earth [29, 30], geomagnetic storms [31, 32]), or stochastic 
(seismic noise in the earthquake source). 
We found that when setting the Cauchy problem for aftershocks, the following constraint 
should be imposed on the initial condition: 0 /n n    . In this connection, the idea arises that the 
opposite inequality may be of interest in the phenomenological description of foreshocks. The issue 
requires additional study, since it is not entirely clear how to simulate the occurrence of the main shock 
in the process of increasing foreshock intensity along the logistic curve. Recall, however, that there are 
so-called earthquake swarms. The swarm is missing the main shock. Suppose that, for one reason or 
another, the parameter n  rises abruptly, and after a while returns to its original value. This kind of 
switching on/off will lead to parametric modulation of the earthquake frequency, and after switching 
on, the growth of ( )n t  will occur along the lower branch, and after switching off, the decline of ( )n t  
will occur along the upper branch of the logistic function (see Figure 1). This is a preliminary scenario 
for the occurrence of an earthquake swarm. 
Let us recall that the purpose of this work is to analyze the possibilities of a phenomenological 
description of earthquakes. We have chosen the KPP equation as the basis for this description. The 
question naturally arises whether it is possible within the framework of our ideas to make a prediction 
that could be tested experimentally? Within the framework of the model of earthquake swarms 
described above, there is the following quite definite prediction: the envelope of the frequency ( )n t  of 
tremors in the swarm should have a left-side asymmetry relative to the top of the envelope. Further, the 
KPP equation has solutions in the form of a traveling wave at n n and n n  [21]. This suggests 
that the phenomenon of propagation of epicenters with the velocity U  may be observed in the 
earthquake swarm. 
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 Now we would like to touch upon the difficult question of the possibility of describing the main 
shock using the nonlinear diffusion equation (4). Figure 2 shows a fragment of the so-called Atlas of 
Aftershocks [18, 19]. We see that in three of the eight events shown in the figure, the deactivation 
factor becomes negative for a while. Let us introduce the notation 
 
2
12 1
1
t
t
t dt
t t
    
 
.    (20) 
 
 
Fig. 2. Fragment of the Atls of Aftershocks, which gives an idea of the evolution of deactivation coefficient of the 
earthquake source. 
 
For 0   instead of (3) we will have  
       
 
0
0 11
n
n t
n t t

   
.    (21) 
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We see that at 2 * 1 *t t t t    a singularity arises, which can be tried to represent as an image of the 
main shock. The value of  
1
* 0t n 

    is naturally called the waiting time for the main shock. If 
2 *t t , then the main impact does not occur despite the fact that for some time the deactivation 
coefficient becomes negative. 
 To eliminate the singularity at 0  , the third term should be retained when expanding the 
function ( )F n  in a power series: 2 3( )F n n n n     . It is assumed here that 0  . Then 
/naxn    for *t t , if for simplicity we put 
2
/   . In the theory of dynamical systems, the 
described situation is called explosive instability. Thus, the theory predicts the occurrence of a 
geotectonic explosion in the form of the main shock of an earthquake when the sign of   changes. 
However, the reason for the possible change in sign is not yet clear to us. 
 An important note concerns the choice of unknown function in the equation (4). If we try to 
develop the phenomenological theory of the main shock within the framework of the Cauchy problem 
for master equation according to the scheme we outlined above, then it is reasonable to choose the 
energy, and not the frequency of earthquakes as the sought function. 
And the last remark brings us back to the paper by Valerio Faraoni [22]. It presents a model of 
the Big Bang that led to the formation of the visible part of the Universe. Let's pay attention to the 
following. Faraoni's scenario distantly resembles the way we imagine the formations of the main shock, 
leading to the formation of aftershocks flow. 
 
6.  Conclusion 
For the phenomenological description of aftershocks, we have proposed mathematical models, 
to one degree or another related to the nonlinear diffusion equation of Kolmogorov-Petrovsky-
Piskunov. The choice of KPP as the governing equation is the most radical provision of the work 
presented here. Special attention was paid to the Omori law and the phenomenon of the propagation of 
aftershocks. A number of related issues were raised, including the question of the formation of 
earthquake swarms. 
The authors are fully aware that the results of the work are preliminary, and that only the future 
will show how productive it is to represent the evolution of aftershocks on the basis of the nonlinear 
diffusion equation. 
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